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We derive the exact equations by which the continuum approximation to the extensional and shear
strains can be determined from measurements of fault-lengths or fault-displacement in a faulted
domain. We develop the theory by which we can infer the extensional and shear strain in a volume of
brittlely deformed crust from an incomplete inventory of the faults. To that end, we use empirical power-
law relationships between fault-length and fault-displacement, and the power-law cumulative frequency
distribution for each of these variables, for sampling domains of one, two, and three dimensions. The
theory 1) defines the relationships among the parameters in these power-laws, which allows the self-
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Bri);tle deformation consistency of results from fault-length and fault-displacement studies in domains of one, two, and three
Strain dimensions to be evaluated; 2) defines constraints on the relative sizes of the sampling domain and the
Extension largest fault that can be included in an analysis using fault systematics; 3) shows that extensional and

shear strains in faulted crust can be inferred knowing only an independent set of the parameters defining
the population systematics plus the magnitude of either the displacement or the length for the largest
fault in the domain; and 4) defines the constraints on the three-dimensional strain imposed by sampling

Shear strain
Fault systematics
Fault scaling

in one- and two-dimensional domains.
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1. Introduction

The sizes of faults span a tremendous range — so wide a range,
in fact, that no single approach for observation could hope to
achieve a complete inventory. It is observed empirically, however,
that the abundance of faults as a function of fault-length is
described by a power-law relationship, with the frequency of faults
increasing exponentially as their size decreases (e.g., Scholz and
Cowie, 1990; Walsh et al., 1991; Marrett and Allmendinger, 1992;
Cladouhos and Marrett, 1996; Watterson et al., 1996; Marrett
et al, 1999; Bonnet et al, 2001). Moreover, fault-displacement
decreases systematically as fault-length decreases (e.g. Marrett and
Allmendinger, 1991; Clark and Cox, 1996). As a consequence,
although small faults individually contribute less than do large
faults to strain and other bulk physical characteristics of the faulted
volume of rock, their high abundance may compensate for their
small individual contribution.

Power-law distributions of fault sizes provide both obstacles
and opportunities for addressing problems that inherently
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depend on populations of faults. For example, the magnitude of
deformation due to faulting may depend not just on the largest
faults, but rather on all faults of all sizes contained in a domain of
interest, and available sampling of the faults is commonly insuf-
ficient to provide accurate estimates of the deformation.
However, if data are lacking on the full range of fault sizes, the
phenomenon of fault scaling provides a tool with which we may
quantify statistically the contribution of the unobserved cate-
gories of faults. For current purposes, we limit attention to scaling
of fault-lengths and displacements, as opposed to topological
scaling of fault network geometry (e.g., via box counting; Walsh
and Watterson, 1993). In this contribution we focus on fault-
related strain, but analogous problems include permeability of
fractured rock (recently reviewed by Molz et al., 2004), which can
limit the rate of fluid flow; and fracture surface area, which can
limit the rate of chemical interaction between fluids and rock
(Marrett, 1996).

A review of empirical results pertaining to fault scaling was
published recently (Bonnet et al., 2001), but we have lacked
a complete theory by which these empirical results can be
compared and evaluated. Previous fragments of theoretical work
have been intentionally narrow in order to simplify the analysis,
but this also has limited the scope of applicability and in some cases
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has led to confusion. For example, Scholz and Cowie (1990) inferred
that small faults contribute negligible strain, but their conclusions
were potentially undercut by having applied fault data sampled in
a two-dimensional domain to a three-dimensional problem
without stereological correction.

In this paper, we begin with first principles and derive a full
and systematic theory for the application of fault scaling relations
to the inference of fault-related extensional and shear strain for
one-, two-, and three-dimensional domains that have been
deformed by a large population of homogeneously distributed
faults. A brief summary of part of this development for extension
in three dimensions was published in Twiss and Moores (2007;
Box 16-I, p. 440). We first derive the equations by which the
continuum approximation of extensional and shear strain in
a domain can be determined from displacements on a set of faults
that deform the domain. We then adopt empirical power-law
equations that relate fault-length to fault-displacement and that
define the cumulative frequency distributions of faults as a func-
tion of each of these two variables. Different equations for
cumulative frequency apply to data sampled in one-, two-, and
three-dimensional domains, and heretofore, the relationships
among these equations have not been clear. We show that the
parameters in these equations are not all independent, and we
derive the relationships among them.

Implicit in the use of fault systematics to determine strain in
a domain is an assumption that the faults are homogeneously
distributed throughout the domain and that the domain is large
relative to the size of the faults. We derive the size constraints that
define, for a given size of domain, the largest fault that can be
included in the analysis, or conversely, the minimum size of the
domain that must be used to incorporate a given maximum-sized
fault in the analysis.

If we know a set of independent parameters that define the fault
systematics in a faulted domain, the theory shows that both
extensional and shear strains can be inferred from either the
displacement on, or length of, the largest fault in the domain.
Heretofore, it has not been clearly recognized that determinations
of strain based on sampling in one- or two-dimensional domains do
not necessarily define the three-dimensional strain exactly;
nevertheless, they at least place constraints on it, and we derive
equations that specify those constraints.

The question, “Are small faults important?” has contradictory
answers in the literature (e.g., Scholz and Cowie, 1990; Walsh et al.,
1991; Marrett and Allmendinger, 1991, 1992), due in part to theo-
retical confusion and in part to semantics. In this paper, small faults
are defined to be one order of magnitude or more smaller than the
largest fault that can be included in the analysis for the domain
under study, without regard to absolute scale (Walsh et al., 1991;
Marrett and Allmendinger, 1992). We derive the relation between
the size of the largest fault and the size of the domain in Section 3.4.
In particular, we do not adopt the definition, used for example by
Scholz and Cowie (1990), that small faults are those that do not
span the brittle crust. Our results show that relatively small faults
contribute significantly to the total strain in a brittlely deformed
volume.

In a companion paper (Twiss and Marrett, in this issue, referred
to as Part II), we use the theoretical results to compare and evaluate
multiple sets of data from the same domains, and we use empirical
data to calculate the extensional strains for these areas and to test
the predictions of the theory. Figure and equation references with
numbers that begin with a “II:” refer to this companion paper.

For ease of reference, all symbols used in the analysis are listed
alphabetically in Table 1, along with a definition and the equation
number of first use and/or occurrence that is relevant to the
definition.

2. Continuum strains of faulted domains
2.1. Infinitesimal continuum extension from brittle faulting

The first problem we address is how to find the continuum
approximation to the extension in a specific direction across
a faulted terrane. We begin with the result for the calculation of the
average infinitesimal constant volume strain tensor that results
from the slip on a set of non-rotating faults within a volume ¢ of
rock, where v is large relative to the dimension of the largest fault
contained in the volume. The strain of a volume ¥’ that is contrib-
uted by a single fault completely contained within the volume, is
(Kostrov (1974), referencing Riznichenko (1965); see also Twiss
(2009)).

ey = %Mo[nknl + Mg, (21.1)
where 7, and ng are the components of unit vectors parallel,
respectively, to the slip direction and the normal to the fault (Fig. 1).
The slip direction is defined by the motion of the fault block into
which n points.

In Eq. (2.1.1), My is the geometric moment defined by

My = Ad, (2.1.2)

where A is the area of the fault over which the slip occurs, and
0 is the mean of the displacement magnitudes over the fault
surface. The geometric moment is similar to the scalar seismic
moment except that the shear modulus, which is part of the
definition of the seismic moment, is not included in the
geometric moment. Twiss and coworkers have used continuum
micropolar theory to account for the effects of rotating fault
blocks on the slip directions and the geometric moment tensor
(Twiss et al., 1991, 1993; Twiss, 2009), but we ignore those effects
in this analysis.

Note that if d is the displacement vector for the block into which
n points, and if the magnitude of the displacement is ¢, then

_% o
n—@—}

The extension in the direction parallel to the unit vector t (Fig. 1) is
determined from the strain tensor by

3 = om. (2.1.3)

6’(31) = ekltkth (214)

where, the subscript ‘(3,t)’ on the symbol for the extension indi-
cates that this expression applies to the extension of the three-
dimensional domain %’ parallel to the unit vector t. We adopt the
Einstein summation convention for repeated subscripts in any
given term. We define the angle ¢ to be the angle between the slip
direction n on the fault and the traverse direction t, and ¢ to be the
angle between the normal to the fault plane n and the traverse
direction t (Fig. 1) so that

Nyt = C€OS @, (2.1.5)

Then we substitute for the strain tensor in Eq. (2.1.4) using
Egs.(2.1.1),(2.1.2), and (2.1.5), and write the result for the ith fault in
a set of N(™M3) faults,

nyt, = cos 0,

o) _ AD cos 0960 cos ¢

0y = > (2.1.6)

This equation gives the volumetric average of the extension in the
direction t contributed by the ith fault in the volume 7. We can
rewrite Eq. (2.1.6) in the form
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Table 1

Notation.
Symbol Definition or description Eq. no. for definition or first use
A, AD, AD - Area of a fault, or of the ith fault, over which the displacement occurs; (2.1.2), (2.1.6), (2.1.13), (2.4.3)

A A = WH, Aw = TH, Ap = TW

B

Cev:(=1,2,3;v=t, Lh
Dixy: {=1,2,3;x=t,v
(27}

(i) (cum) ,(tot) (i) . _ o
ECx) €Ly €T * it Etwy S= 12035

x=ty,v=t,w

S, fiew(0):§=1,2,3; v=t,w, Lh
Gev:€=1,2,3;v=tw, Lh
gewv:¢=1,2,3;v=tw, Lh

H, Ho

h, h, Lh

Kav:v=t,w
L 1D

I 1M
Mo

Nigw) (L), Nigwy(0), Nigwy: €=1,2,3; v=t,
w, Lh

N(max)
n, ng
¢ 0. 7=1,2,3;v=t,w, Lh

51),,: {=1,2,3;v=t,w, Lh

b V=t w, Lh

p

Rgv:€=1,2,3;v=t,w, Lh

subscript ‘t’ indicates the projection of the area on a plane normal to t.
- Cross-sectional area of the volume ¥; subscripts indicate orientation of
the area normal to the unit vector t, w, or h, respectively

- Constant in the fault-length—fault-displacement relationship. 1/B
defines the displacement on faults of unit length in any specific area.
Dimensions of [length]P~1)

- Constants of integration.

- A combination of constants in the equations for extension of material
lines parallel to t (x =t), or shear strain of material lines parallel to t and
w (x =) for a {-dimensional domain.

- Strain tensor contributed by displacement on a single fault, averaged
over a faulted domain v, the dimensions of which are large relative to
the fault.

- Extensional strain of in a {-dimensional domain parallel to either t
(x=t) or w (x = w), or shear strain in a {-dimensional domain of the pair
of orthogonal lines parallel to t and w (x = v); no superscript refers to
the total strain from one or more faults; superscript (i) indicates strain
contributed by the ith fault; superscripts ‘(cum)’, and ‘(tot)’ indicate,
respectively, the cumulative strain, and the total strain. The subscript
‘yVv' is the part of the shear strain for the line segment parallel to t (or w)
(v=t (or w)) relative to w (or t).

- Cumulative frequency of faults having length >L, or displacement >4,
as determined by the sampling of a {-dimensional domain. Subscript v
indicates the orientation of the sampling domain (omitted when { = 3).
- Constant relating the cumulative number of faults to the fault-length;
equals the cumulative number of faults having a unit length. When

{ =3, the subscript v is omitted. Units of [(km)™]

- Constant relating the cumulative frequency of faults to the fault-
length; equals the cumulative frequency of faults having a unit length.
When ¢ =3, the subscript v is omitted. Units of [(km)™ /(km)?]

- Vertical dimension of the sampling volume ¥, parallel to the unit
vector h, in the deformed and undeformed state, respectively.

- Vertical unit vector, and its components, oriented perpendicular to t
and w. L his used as a subscript (v= L h) to indicate a horizontal planar
domain oriented perpendicular to h.

- Superscript referring to the ith fault, for faults numbered from
i=1:N™) in order of decreasing length or displacement.

- Constants of integration for the cumulative shear strain determined by
sampling along two orthogonal lines parallel, respectively, to t and w
- Horizontal dimension of a fault, or of the ith fault, as measured in the
sampling domain.

- The down-dip width of a fault, or of the ith fault

- The geometric moment for slip on a fault

- Exponent on the fault-length in the power-law relation between
cumulative number or cumulative frequency and fault-length, as
determined by sampling of a {-dimensional domain.

- Cumulative number of faults having length >L, or displacement >4, as
determined by sampling of a {-dimensional domain oriented as
indicated by v. When { =3, v is not included in the subscript.

- Total number of faults in a volume ¥.

- Unit vector and its components normal to a fault surface.

- The probability that in a {-dimensional domain (left subscript), the ith
fault (superscript) is intersected by a random line parallel to torw (v =t
or w) or a plane perpendicular to h (v= L h) (right subscript).

- Continuous function (of length or displacement) defining the
probability that a fault of a given length or displacement in a ¢-
dimensional domain (left subscript) will be intersected by a randomly
located lower-dimensional domain having an orientation v (right
subscript); v = t for one-dimensional domains parallel to t,or v= L h for
a two-dimensional domain perpendicular to h.

- Continuous function defined as the product of the probability ;%, and
the volume associated with a unit size of the domain (v/7 for v=t;
v/, forv= Lh).

- Exponent on the length in the relationship between fault-length and
fault-displacement.

- Constant in the equation relating the cumulative number of faults to
the displacement on the faults; equals the cumulative number of faults
on which the displacement is of unit length. Subscript ‘{’ indicates
dimension of the sampling domain; subscript ‘v’ indicates orientation of
sampling domain (omitted when ¢ = 3). Units of [(length)®].

(2.1.7), (2.1.9)

(3.1.1)

41.27)—(4.1.29), (4.1.32)—(4.1.34),
$1.2.2), (S1.2.6), (52.3.2), (52.3.7),

(

(

(53.4.2), (S3.4.7)

(4.1.11), (4.1.12), (4.1.14), (4.1.15)

(2.1.1)

(2.14), (2.1.6), (2.1.12), (2.2.1), (2.2.4),
(2.2.7), (4.1.1)—(4.1.6), (4.1.23)—
(4.1.26), (4.1.36)—(4.1.39), (4.1.40)—
(4.1.42)

(3.14), (3.1.5), (3.1.8), (3.1.11), (3.1.13)
(3.13), (3.1.5)
(3.14), (3.1.5)

(2.1.8),(2.1.9), (2.4.3), Fig. 2

Fig. 2, (3.1.6)

(2.16)

(4.130), (4.1.35)
(2.1.13), (3.1.1)
(2.1.14), (3.1.21)

(2.1.1), (2.12)
(3.13)

(3.1.3), (3.1.7), (3.1.15)

(2.1.12)

(2.1.1)

(2.1.10), (2.2.5), (3.1.19), (3.1.20),
(3.1.22), (3.1.29)1 2, (4.1.1), (4.1.6),
(4.1.7), (4.1.9)

(3.1.15), (3.1.23), (3.1.24), (3.1.29)3 4

(3.1.16)—(3.1.18), (3.1.25), (3.1.26),
(3.1.30)

(3.1.1)

(3.1.9)23, (3.1.10), (3.1.12)
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Symbol

Definition or description

Eq. no. for definition or first use

rew:€=1,2,3;v=tw, Lh

T, To

Aq“f,”: v=tw

t, tx

Uk
Y, Vo

A
W, Wi
oD o

gO, 8

Agv:§=1,2,3; v=tw, Lh

d
5, 5<">,5((;";)X>: {=1,2,3;v=t,w, Lh

s(i), £
¢, ¢
Y

n, Nk
K(i), K
20,2

- Constant in the equation relating the cumulative frequency of faults
and the displacement on the faults; equals the cumulative frequency of
faults on which the displacement is of unit length. Subscript ‘¢’ indicates
dimension of the sampling domain; subscript ‘v’ indicates orientation of
sampling domain (omitted when { = 3). Units of [(length)sf/(length):].
- Exponent on the displacement in the power-law relation between
cumulative number or cumulative frequency and fault-displacement, as
determined by sampling of a {-dimensional domain.

- The deformed and undeformed lengths of the horizontal material line
that is the dimension of the volume ¥ parallel to t. They are
approximately equal in the infinitesimal strain approximation.

- Displacement in the direction t or w (v =t or w) contributed by the ith
fault intersected by the sampling line parallel to t or w.

- Horizontal unit vector, and its components, parallel to the traverse
direction in which the extension or shear strain is determined (normal
to the unit vector w)

- Continuum displacement vector components.

- The deformed and undeformed volume of rock for which the strain is
determined, having deformed or undeformed dimensions, respectively,
of [length, width, height] = [T, w/, 7] or [T, Wq, #]-

- As a subscript, it stands for subscripts that define the orientation of
a domain, e.g. v=t or w for lines parallel to t or w; or v= Lh for
horizontal planes normal to h.

In the companion paper, Part I, it represents the maximum throw on
a fault (the vertical component of the displacement).

- The deformed and undeformed length of a horizontal material line that
is the dimension of the volume 7’ parallel to w and normal to t. They are
approximately equal in the infinitesimal strain approximation.

- The displacement parallel to w due to slip on the ith fault intersected
by the sampling line parallel to t.

- Horizontal unit vector, and its components, perpendicular to both t
and h.

- Subscript that stands for both t and v; used as a condensed notation in
equations that have the same form for both extensional and shear strain.
- Angle between the direction w (which is normal to the horizontal line
t) and the fault plane normal n; superscript ‘(i)' indicates the ith fault; no
superscript applies to all faults assumed to have the same orientation.
- Angle between the horizontal direction w (which is normal to the
horizontal line t) and the fault-slip direction n; superscript (i)’ indicates
the ith fault; no superscript applies to all faults assumed to have the
same orientations of fault plane and slip direction.

- The size of the {-dimensional sampling domain; for { =3, it is the
volume 7 of the domain; for { = 2, it is the area 2, = 7 of a horizontal
plane through that volume; for { =1, it is the length 7 or w’ of

a horizontal traverse across that volume; subscript v indicates the
orientation of the sampling domain parallel to t, w, or normal to h (not
used for { = 3).

- Fault-displacement vector (which is parallel to the unit vector n).

- Magnitude of the mean displacement on a fault (superscript (i)
indicates the ith fault). When i = 1, the displacement is for the largest-
displacement fault in the {-dimensional sampling domain (superscript
‘(max)’); v indicates the orientation of the domain parallel to the unit
vectors t or w (v=t or w) or perpendicular to h (v= _Lh).

- The angle between § (which is the orthogonal projection onto

a horizontal plane of the unit normal n to a fault) and the unit vector w.
The angle lies in the horizontal plane that is normal to h; superscript ‘(i)’
indicates the ith fault; no superscript applies to all faults assumed to
have the same orientation.

- Angle between the horizontal direction t and the slip direction n on
a fault; superscript ‘(i) indicates the ith fault; no superscript applies to
all faults, assumed to have the same fault and slip orientations.

- Subscript used to imply shear strain of material lines that are parallel
to the orthogonal unit vectors t and w.

- Unit vector and its components parallel to the fault-displacement for
the fault-block into which the fault-normal n points.

- The angle between § (which is the orthogonal projection onto

a horizontal plane of the unit normal n to a fault) and the unit vector t.
The angle lies in the horizontal plane normal to h; superscript ‘(i)'
indicates the ith fault; no superscript applies to all faults, assumed to
have the same orientation.

- Geometrical shape factor for a fault that accounts for the ratio of the
down-dip width to the length, and for the shape of the fault tip line;
superscript ‘(i)' indicates the ith fault; no superscript applies to all faults,
assumed to have the same geometry.

(3.1.9)s, (3.1.11), (3.1.12)

(3.1.9)y, (3.1.10), (3.1.11)

(2.1.8), (2.1.9), (2.1.11)

(23.1), (S3.3.2), (S3.33)15

(2.14)

(s33.1)
(2.1.1), (2.1.8)

(3.1.3),(3.1.4), (11:2.6)

(2.1.8), (2.1.9), (2.4.3)

(S3.3.2), (53.3.3),
(2.2.1), Fig. 1
(4.1.11), (4.1.12)

(2.2.2), (2.2.3), (2.1.16), Fig. 1A

(22.2), (2.2.3), (2.1.16), Fig. 1A

(3.1.5), (3.1.6)

(2.13)
(2.12), (2.13), (2.1.6), (3.3.1)—(3.3.4),
(4.1.31),

Fig. 1B (2.1.16), (S2.1.8)»,

Fig. 1A (2.1.5), (2.1.6), (2.1.16),

(22.1)
(2.1.1), (2.1.3)

Fig. 1B (2.1.16), (52.1.8)1,

(2.1.13), (2.1.14), (S2.2.8)

(continued on next page)
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Symbol

Definition or description

Eq. no. for definition or first use

w0,

V(i), v

(i)

PP

09, 0

0L

The ratio of the down-dip width I of a fault to its length L; superscript
‘(i) indicates the ith fault; no superscript applies to all faults, assumed to
have the same geometry.

- The ratio of the average length of the fault trace on random horizontal
planes, to the maximum length of the fault parallel to the plane. It
accounts for the effect of the shape of the fault tip line on the length of
the fault trace on a horizontal plane. Superscript (i)’ indicates the ith
fault; no superscript applies to all faults, assumed to have the same
geometry.

- The dip of a fault; superscript (i)’ indicates the ith fault; no superscript
applies to all faults, assumed to have the same orientation.

- Angle between the normal n to a fault plane, and the direction t;
superscript (i)’ indicates the ith fault; no superscript applies to all faults,
assumed to have the same orientation.

- The normal to the trace of the ith fault within the horizontal two-
dimensional sampling domain that is perpendicular to h; it is the
orthogonal projection of the fault normal n” onto the sampling domain.

(3.1.20), (3.1.21), (S2.2.8)

(4.1.10), (2.1.16), (S2.1.18), (S2.2.8)

Fig. 1B, (3.1.20), (2.1.16)

Fig. 1A, (2.1.5),, (2.1.6), (2.1.16)

Fig. 1B, (52.1.5), (S2.1.7)

Not a unit vector.

LA S

domain.

- Shear angle; tensor shear strain=0.5 tan y
- Subscript indicating the number of spatial dimensions in a sampling

Fig. 2B, (2.4.2)
(3.1.3), (3.14)

Symbols used in the paper are listed alphabetically, first for the Roman alphabet, then for the Greek alphabet.
Equation numbers beginning with “S” refer to the Supplementary Material available on line.

ﬁ....

Fault plane

Fig. 1. Geometry for the fault-slip analysis showing three parallel fault planes of
different sizes cutting the volume. Vectors and angles used in the analysis are illus-
trated. A. n is the unit normal to the fault plane, and it points into the fault block whose
displacement direction is parallel to the unit vector n. The direction in which we
determine the extension is parallel to the unit vector t, and the direction relative to
which material lines parallel to t are sheared is defined by the unit vector w, which is
orthogonal to t. B. n, t, and w are the same as in part A. h is a unit vector that is vertical
pointing down. £ is a vector that is the projection of n onto the horizontal surface. It is
not a unit vector.

8 cos ¢!
T

A cos 99

, 2.1.7
At ( )

where we define the linear dimensions of the specified volume
after deformation to be ¥, %/, and #, which are parallel, respec-
tively, to the orthogonal triad of unit vectors t, w, and h. Westaway
(1994) also used Kostrov's results as a starting point for his analysis
but did not use Eq. (2.1.4) and thus found a different result from Eq.
(2.1.6). For convenience, we consider t and w to be horizontal and h
to be vertical, although those orientations are not required. We
define the cross-sectional areas of ¢ normal to those unit vectors as
follows (Fig. 2A):

V=T WIH, (2.1.8)

ﬂtzgz WH, ﬂwz%: TH, ﬂhzz: Tw. (2.1.9)

In Eq. (2.1.7), the first term in brackets is the ratio of the fault
area projected onto a plane normal to t, to the cross-sectional area
of the averaging volume v/, where the cross section is also normal
to t (Eq. (2.1.9)1). This ratio, therefore, is just the probability 3%?)
that in a three-dimensional domain ¥ (left subscript), the ith fault
(superscript) is intersected by a random line parallel to t (right
subscript),

AD cos 89 A0 cos 4V
V/‘T - At ’

The second term in brackets in Eq. (2.1.7) is the component of the
slip in the direction of the sampling line, divided by the length 7 of
that line. If we make the infinitesimal strain assumption that the
deformed and undeformed lengths of the sampling line are the
same, to a first order approximation, then

5 (2.1.10)

T =T, (2.1.11)

and this term is just the local extension parallel to t due to slip on
the ith fault. Thus, Eq. (2.1.7) shows that the contribution of the ith
fault to the total extension parallel to t of the volume 4’ is just the
ith local extension in that direction (second term in Eq. (2.1.7))
scaled by the size (area) of the ith fault relative to the cross-
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6 =30> 6“=180°-30°=150°
¢M=60° 9@ =180°-60° =120° 8"=8%=1m
B n@?
| Fault T a0
n® N
3
Fault n" ‘ 5
<48V =1m
7p=100m

wiIt
-t Wy ..

Wpy=100m——>|__ |
AW

8= 2(n 1) = 0°

0"= 2P, 1) =90°

0= 2 (n" w) = 90°
BW: 2%, w) =0°

Fig. 2. Examples of strain components for blocks cut by simple sets of faults. A.
Extension of a block of length 7, height 7, and width %/, cut by a pair of conjugate
normal faults. n? (i=1, 2) are unit vectors normal to the two fault planes, and t is
a unit vector parallel to the direction in which the extension is determined. 8® (i = 1, 2)
are the displacement vectors on the two fault planes; they are parallel to the unit
vectors n (i = 1, 2). B. Shear strain of a line parallel to t relative to a line parallel to w
in a block of height 7, width %), and thickness 77y normal to the diagram (not
shown). The block is cut by two parallel strike-slip faults. Vectors are defined as in Part
A. 00 =13 is the magnitude of the displacement vector.

sectional area of the volume, and by its orientation relative to t (first
term in Eq. (2.1.7)); this scaling factor is just the probability defined
in Eq. (2.1.10).

The total continuum extension of the volume ¥ is just the sum
over all N‘™3) faults in the volume, of the weighted local extensions
contributed by each fault in the system,

N(max) . N(max) (l>6<l> . .
egn =y A 5 —cos 09 cos ¢,
=1 i=1

(tot) _
HE

1

(2.1.12)

For this summation, we assume the faults are ordered by
displacement from the largest, for which i =1, down to the small-
est, for which i = N™), so that if we sum over i = 1:N faults, where
N < N(™3) e obtain the cumulative contribution to the extension
by the N largest faults in the volume.

We want to be able to sum the contributions from many faults,
none of which in general, has dimensions comparable to the
dimensions of the volume over which we are averaging. Thus the
dimensions of the fault areas A®) and the dimensions of the volume
v do not, in general, cancel out. If, however, we analyze a situation
in which one or more faults cut completely through the volume v,
then the fault area, projected onto a plane normal to t and within ¥,
is identical to the cross-sectional area of ¢’ as measured on the
plane normal to t. Therefore the numerator and denominator of
Eq. (2.1.10) are equal, and the probability is exactly 1 that a random
line parallel to t through the volume will intersect the fault (see
Fig. 2A and Eq. (2.3.5) for an example).

We can write the fault area AD jn Eq. (2.1.12) in terms of the
horizontal length L of the fault, as follows:

A

where 2% is a geometrical constant that accounts for the difference
between the horizontal length and down-dip width of the fault as
well as for the shape of the fault. For example, if the fault is rect-
angular in shape with horizontal length L and down-dip width I,
or if it is elliptical in shape with a horizontal major-axis length L("
and a down-dip minor-axis length I then, respectively,

2

)

20

Al — <,1<i>L<i>> [ — ;O (L<i>> (2.1.13)

Q or 20 =T &
L) 4 L)
If we wish to average the effects of multiple faults in a volume, the
dimensions of the volume 4 over which we are averaging
(Eq. (2.1.8)) must be large relative to the dimensions of the largest
fault, although the actual depth to which the volume extends is
limited by the thickness of the brittle crust. In Section 3 we will be
able to be more specific about what ‘large’ means in this context
(see Eqgs. (3.4.2)—(3.4.4) and Part II, Section 3).
Substituting Egs. (2.1.13); into Egs. (2.1.6) and (2.1.10) gives,

A0 = (2.1.14)

ooy
(q/)cos 0960 cos ¢,

W _

€30 =

2 _ A0 (L<'>) cos (2.1.15)
3%t At ) ’

i _ 8" cosg?

€3y =3P —— —

We pursue this analysis for a simple case, for which we assume
all the faults, regardless of size, have a similar shape and orienta-
tion, so the geometrical factor A and fault-orientation angle ¢ are
the same for all faults; all the displacements have a similar orien-
tation, so the angle ¢ is the same for all of the faults; and the fault
population is homogeneously distributed throughout the volume.
Faults with conjugate orientations easily can be included in the
analysis (see for example Section 2.3, Eq. (2.3.5)), but for simplicity
we consider only faults having the same orientation. For the
convenience of future reference to one equation, we include in this
definition of the simple case, angles o, 0, p@ @ and D (see
Fig. 1 and Egs. (2.2.2), (3.1.20), and (S2.1.8)), and geometric
parameters u¥) and »¥ that are defined later in the paper (see Egs.
(3.1.21) and (4.1.10)).

F(Q)I‘ alli: 0 0
01 = 07 ¢1 = kl a<l) = a7 61 = 67
p = p, kD =k, ) =g (2.1.16)

1
ORI WU R

With these simplifications, the contribution of the ith fault to the
total extension of the volume ¢ parallel to t can be written from Eq.
(2.115)

Dcos 6 cos o, (2.1.17)

and the total volume-averaged continuum extension parallel to t,
following Eq. (2.1.12), is therefore the sum of the weighted local
extensions (Eq. (2.1.17)) from all the faults in the volume,

N(max)

(tot i) A cos 0 cos ¢ N2
e(?:)t; = z:] e&g =0 z:] (L(')) 6. (2.1.18)
1= 1=
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2.2. Infinitesimal continuum shear strain from brittle faulting

The second problem we address is how to find the continuum
shear strain from a distributed brittle deformation. We apply an
analysis similar to that used in the preceding section (Section 2.1).
The continuum tensor shear strain of a line parallel to the unit
vector t, relative to an initially orthogonal line parallel to the unit
vector w (Fig. 1), is obtained from the strain tensor by

€3,y) = eubiwy, (2.2.1)

where the subscript ‘3’ identifies the strain as applying to the three-
dimensional volume %/, and the subscript y indicates the strain is the
shear strain of a pair of initially orthogonal material lines parallel to
tand w. We define « to be the angle between the normal to the fault
plane, n, and the direction w, and § to be the angle between the
fault-slip direction n and the direction w (Fig. 1A), whereby,

nw; = cosa, mMw; = cos . (2.2.2)

Substituting for the strain tensor in Eq. (2.2.1) from Eq. (2.1.1) with
(2.1.2), and using Egs. (2.2.2), gives for the ith fault in a set of N(™2X)
faults (see Fig. 2),

. MM 1 . . . .

o _ AV 1 (@) (i (@) @)
€3y = 5 3 [cos ¢\ cos o'V + cos §'” cos B ], (2.2.3)
Using Eq. (2.1.8), we can rewrite Eq. (2.2.3) as
RO 1 AD cos 897 [69 cos g0 A cos ad)

@Gm 2 (v/T) T (v/w)

8" cos ¢
x {w . (2.2.4)

Within the braces{...}is the sum of two terms, each with two factors.
In the first term, the first factor in brackets [...] is a weighting that is
the probability that arandom line through the volume %’ parallel to t
intersects the ith fault (Eq. (2.1.10)); and the second factor in brackets
is the local shear strain of the line 7' due to the component of slip on
the fault in the direction w perpendicular to t. The second term is
similar, except the first factor is the probability that a random line
parallel to w through the volume ¥ intersects the ith fault,

Qi) _ AD cosal)  AD cos al)
W (ww) Aw
and the second factor is the local shear strain of the line w due to
the component of slip on the fault in the direction t perpendicular
to w. Thus, substituting Egs. (2.1.10) and (2.2.5) into (2.2.4) gives:

1 5 cos o)
B z{ﬂ?ﬁ') +30 {—d’ . (226)

w

This equation says that half the sum of these shear terms is the
symmetric continuum shear strain for material lines parallel to t
relative to material lines parallel to w. If the fault plane is parallel to
w, then a =90°, 3%‘(},) = 0, and the second term is zero.

We use Eq. (2.1.13); in Eq. (2.2.3), and sum the result over all
NM3) faylts in the volume ¢’ to find the total tensor shear strain of
the volume,

(2.2.5)

59 cos 6(i)
T

N(max)
(tot) (i)
€= Z} SER)
i=
. N2 .
N(max)x(l) L(l) 6(1> . . . )
=Y (22 [cosz9<l) cosﬁ<’)+cos¢(')cosa(‘>]. (2.2.7)

i=1

As in Eq. (2.1.12), we assume the faults are numbered i = 1:N(™2) jp
order of decreasing displacement magnitude. Thus a partial sum
over N < N™) faylts gives the cumulative contribution to the
shear strain of the N faults that have the largest displacements in
the volume.

For our analysis of a simple special case, we assume the condi-
tions in Eq. (2.1.16), which require that all faults have the same
shape and orientation, and that the slip directions all have the same
orientation. These assumptions, with Equation (2.1.13), simplify
Eq. (2.2.3) to

0 /I(L(i)>26(i>
1
€3y = — i[cos 0 cos B + cos ¢ cos «.

The expression for the total tensor shear strain of the volume v
(Eq. (2.2.7)) becomes

(2.2.8)

N(max] N(max)

i A N2 i
eg‘?;)): > egm:ﬁ[cosﬁcosﬂ+cos¢cosa] 21 (L(”) o0,
1= 1=

(2.2.9)

2.3. Simple example of extensional strain

We can apply Eq. (2.1.12) to a simple example comparable to that
used by Peacock and Sanderson (1993). Fig. 2A shows a block cut by
two conjugate normal faults, each dipping at 60° with down-dip
displacement of 6 = 1 m. From inspection, the extension of a hori-
zontal line parallel to the front face of the block is

2 (i)
el = >, Mg 05,05 _ 40,
=1
For comparison with Eq. (2.3.1), we apply Eq. (2.1.12) to the calcu-
lation. The area of the ith fault plane is the down-dip width of the
plane times the length parallel to strike. For this example, therefore,
we have from Fig. 2A,

A — 0y~ rowr, (2.3.2)
|cos 07|
To=~T = 100m, 6% = 1m, (2.3.3)
Ry (n<1>,t) =300, 0% = (n<2>,t) —150°,
(2.3.4)

o = 2 (3t) =60°, ¢* = £ (3% ¢) = 1207,

where Eq. (2.3.3); is the infinitesimal strain approximation from
Eq.(2.1.11), and the displacement vector 8 is defined in Eq. (2.1.3),.
Eq. (2.1.12) with Egs. (2.3.2) then gives,

(i)
cosf 1

2 \ o) () :
(tor) _ (i) 07 cos¢ 0]
e = ;sgn<cosﬁ ) - sgn(cosH ) cost]

(2.3.5)

The function sgn(cos §) accounts for the conjugate orientations of
the faults in this example (Fig. 2A; Eq. (2.3.4)). In this case, the
weighting term in Eq. (2.1.7), which is defined as 3%@ in Eq. (2.1.10),
is equal to 1, which is consistent with our discussion above, because
the faults in this example cut completely through the volume
(Fig. 2A). Eq. (2.3.5)1 then gives,

_(05) (05)
=700 "100

(to

1)cos60° 1)cos120°
e<3,§;:(+1)( ) )

100 +(-1) 100 =0.01.

(2.3.6)
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Thus Eq. (2.1.12) gives the anticipated answer for this simple
example.

2.4. Simple example of shear strain

We apply the equations for the shear strain in a volume, to the
simple example in Fig. 2B, where the slip on each of the two faults is
assumed to be 6 =1 m, and the dimensions of each fault block are
100 m by 50 m. From inspection, we can see that the tensor shear
strain averaged over the shear zone is,

2 ()
pltot) _ 1&oY 171 1y
€3y) 2270 = 5700 " 100) = 201 (2.4.1)
and the shear angle y is given by,
-1 2 o
Yy =tan” '—- = 1.15° = 0.02 rad. (24.2)

100

For comparison with this calculation, we apply Eq. (2.2.7).
Assuming the thickness of the blocks normal to the diagram is #g
m, we have

L() WO7 /10 = j{O/W07 (243)
AD = wosto, Vo = ToWoHo,
To = 100m, Wy = 100m, 6V = 1m, (2.4.4)
09 =/ (n® t) =0°, o) = £ (n® w) =90°,

(n.6) =0" & = 2 (n.w) - 245
9= 2 (n0,t) =90°, ¥~ £ (n(”,W) =0,
whereby Eq. (2.2.7) gives
(tot) _ o o o o\l __
€3y ——Z.IOO[Z(COSO c0s0° +c0s90°cos90°)] = 0.01.  (2.4.6)

Thus the shear strain given by Eq. (2.2.7) gives the result antici-
pated from the direct calculation from Fig. 2B. Eq. (2.1.10) with
Eq.(2.1.11) and the values given in Egs. (2.4.3)—(2.4.5) show that the
probability ﬂ?t is 1 that a horizontal sampling line normal to the
strike of the faults cuts both faults, as required by the fact that
the faults both cut through the entlre volume. For the geometry of
this example, the probability ﬁ}w is zero, as shown by Eq. (2.2.5)
with Egs. (2.4.3)—(2.4.5).

3. Fault population systematics for sampling domains of
different dimensionality

3.1. Equations describing fault systematics

Egs. (2.1.18) or (2.2.9) imply that we need to measure the
displacements on all the faults of all sizes within the volume .
Such a measurement, however, is impossible because we can never
sample the interior of a volume completely. Even if mine tunnels or
drill core is available, they provide only partial sampling of the
volume, and seismic profiles are of limited resolution. Moreover,
given the usual incomplete exposure in outcrop, the measurement
of displacements on all the faults along a linear traverse is in
general also impossible. It is not even apparent that we could make
a meaningful estimate of the extension by measuring only the
largest faults, because although smaller faults have smaller
displacements, the number of faults increases rapidly as the size of
the faults decreases.

To overcome these problems, we can use the scaling relations
for fault-length and fault-displacement to estimate the total
extension or shear strain without having to measure all faults.
Empirically, the displacement on a fault is related to the length of
the fault by a power-law (e.g. Clark and Cox, 1996; Kim and
Sanderson, 2005) (see the companion paper Part II, Fig. II:1):

I[P =Bé or plogL = logB+logy, (3.1.1)

0 = %Lp or logo = —logB+ploglL, (3.1.2)
where 0 represents the mean of the displacement distribution
across the area of a fault. The constant 1/B defines the displacement
on faults that have unit length in any specific area.

Numerous studies (e.g. Cladouhos and Marrett, 1996; Watterson
et al., 1996) also have shown a power-law distribution for the
cumulative number N(L) or the cumulative frequency f(L) of faults
as a function of fault-length. Here, N(L) and f(L) define the cumu-
lative number and frequency, respectively, of faults that have
a length greater than or equal to L. The cumulative frequency is
defined to be the cumulative number of faults per unit size of the
sampling domain. These power-law relations are given by,

Ny (D) = Gyl ™™, 1ogN,) (L) = 108G,

—mylogl, (3.1.3)

few (L) =8 nl™™, logfir,) (L) = (3.1.4)

In these equations, the Greek subscript { is used to indicate the
dimensionality of the domain in which the sampling of the faults
is done, accounting for the fact that different relations are derived
from the sampling of faults in the volume ({=3), on a two-
dimensional surface ({=2), or along a linear transect ({=1)
(although measuring the length of a fault intersected by linear
transect implies some access to at least one other dimension). In
the subscript ‘({,v), the ‘v’ indicates the orientation of the
sampling domain. In this development, ‘v’ can stand for ‘t’, ‘w’, or
‘L k', indicating respectively linear domains parallel to t or to w, or
planar domains perpendicular to h. If { =3, the sampling domain
is the entire volume %, and the subscript ‘v’ is not needed. The
constants G,y and gg,y) are the cumulative number and the
cumulative frequency, respectively, of faults having a length
greater than or equal to 1, in the prevailing units used for the
measurements. Thus these parameters calibrate the fracture
intensity, which is specific to individual regions of fracturing, and
also to specific orientations of one- and two-dimensional sampling
domains.

The cumulative functions and the parameters in the two Egs.
(3.1.3) and (3.1.4) are related respectively by,

fewy =Ny (D) /Ay, 8w =GCiw/Aiy

where 4y, is the size of the {-dimensional sampling domain, as
defined by (Fig. 2A),

logg ¢ ,) —mylogL.

(3.1.5)

_ _ _ [ 7 forv=t
A(3)=(V:TW_7‘[, A(Z,J_h):/zlh:TW7 A(lm):{w fOl‘U:W}
(3.1.6)

and where 7 (or %) is the length of the horizontal dimension of the
volume % parallel to the unit vector t (or w), the choice depending
on the orientation of the specific line under consideration, and 7 is
a horizontal (map) area normal to the vertical unit vector h, which
is parallel to the dimension # of the volume ¥ (see the companion
paper, Part II, Fig. II:2B and 11:4B for data sets illustrating, respec-
tively, Eq. (3.1.4); and (3.1.3), for { =2).
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Substituting for L or logL in Egs. (3.1.3) and (3.1.4) from the
Eq. (3.1.1); or (3.1.1),, respectively, we see that the cumulative
number or cumulative frequency of fault-displacements must also
have a power-law distribution,

N (8) =Gz (B) ™7,
my
log Nz (6) = log(GigyyB~™/7) — - logd,  (3.1.7)

S (0) =& (Bo)"™/P

log fiz.)(6) = log(gzyB ™) ~=Klogd.  (3.18)
Nzv)(0) and fiz,v)(0) are respectively the cumulative number and the
cumulative frequency of faults that have a displacement greater
than or equal to ¢ in the sampling of a {-dimensional domain, the
orientation of which is defined by ».

We introduce the parameters s;, Ryy), and rgy) by the
definitions,

me s m,
;=% Ry =GB = GeyB ™7,
Tw =8¢nB ™ = grwB ™, (3.1.9)
whereby Egs. (3.1.7) and (3.1.8) become
Nig)(8) =Rig,)07%, logN,(6) =logR ) —sclogd,  (3.1.10)
S (0) =1,)07%, logfi,)(0) =logr,) —s;logd. (3.1.11)

Here, the constants R,y and r(z,y) are the cumulative number and
cumulative frequency, respectively, for faults on which the
displacement is greater than or equal to 1, in the prevailing units, in
a {-dimensional sampling domain that has an orientation defined
by v (see Fig. 3A and the companion paper, Part II, Fig. 11:4D, for data
illustrating Eq. (3.1.10), for { = 1 and 2, respectively; see Fig. 3B, and
1:4C for data illustrating Eq. (3.1.11), for { =1). From Eqgs. (3.1.9),
(3.1.9)3, and (3.1.5),, we have the relation

sy = Rew/Aiw)- (3.1.12)
From Egs. (3.1.10)4, (3.1.11);, and (3.1.12), we see that

N 0
fe)(®) = (47)() (3.1.13)

&v)

Clearly, the total number of faults R,y having a displacement
greater than or equal to 1 must change as the size of the sampling
domain changes, and thus it is not a characteristic of the fault
population from a given region. On the other hand, the frequency of
such faults r;,y is independent of the size of the domain, as the
number of faults having a displacement greater than or equal to 1 is
normalized by the size of the sampling domain (Eq. (3.1.12)) (see
Fig. 3A and B for plots of the same data using cumulative number
and cumulative frequency with { = 1). Thus formulating the equa-
tions for the systematics of both length (Egs. (3.1.4)) and
displacement (Egs. (3.1.11)) in terms of the frequency eliminates the
non-uniqueness associated with the finite size of the sampling
domain and results in a single equation that characterizes similar
fault populations in all domains of the same dimensionality in
a homogeneously faulted region. It thus provides the preferred
method for comparing results for different-sized domains. It is easy
to switch between the cumulative number and the cumulative
frequency relations, as convenience dictates, using either
Egs. (3.1.5) or Eq. (3.1.13) with Eq. (3.1.12), and applying the
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Fig. 3. Fault-displacement systematics measured from one-dimensional sampling in
the Paintbrush tuff, Yucca Mountain, Nevada. Sample line lengths for the different data
sets, which have been sampled at different scales, are listed in the insets on the graphs
(from Marrett et al., 1999). The two plots illustrate the difference between plotting the
displacement against cumulative number and cumulative frequency. A. Data plotted as
logarithm of displacement [km] vs. the logarithm of cumulative number. B. Same data
as in Part A plotted as the logarithm of displacement [km] vs. logarithm of cumulative
frequency. Solid line is the best fit to the linear part of the data.

definitions in Eq. (3.1.6). Note, however, that for { =1 or 2, both R(z,)
and r(z,y) can change with the orientation » of the sampling domain
if the faults have a preferred orientation, as is usually the case.
The frequency of faults having a length between L and L + dL, or
a displacement between ¢ and ¢ + dJ, is just the differential of the
cumulative frequency distribution fiz,) measured in a {-dimen-
sional sampling domain that has an orientation given by v. Taking
the differential of Eqs. (3.1.4); and (3.1.11);, we find, respectively,

dfig (L) = —myg ey L™V dL, dfe ) (8) = —s¢rr,) 0%V do.
(3.1.14)

The actual number of faults in each increment is obtained from the
differential frequency equations simply by multiplying the differ-
ential frequency df(¢ ) by the size of the domain 4y, as defined in
Eq. (3.1.6).

Before using these scaling relationships to estimate the sums in
Egs. (2.1.18) and (2.2.9), we must clarify the effect of the dimen-
sionality of the sampling domain on the constants in these
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equations. Ideally, we would like to determine the strain in
a volume ¥ that results from displacement on a set of distributed
faults by doing a complete three-dimensional sampling of the faults
within that volume ({ = 3). As discussed at the beginning of Section
3.1, such a sampling is impossible in practice, so in general, the
scaling relations must be determined from measurements made on
two-dimensional surfaces ({=2) or along one-dimensional lines
(¢ =1). Thus we need to find how the scaling relations for one- and
two-dimensional sampling are related to the relations for three-
dimensional sampling.

To this end, we write the relations between the incremental
numbers of faults as,

dNg ) =3P:dN3), AN w) =3BwdNg), AN |y =3P 18 dN3),
(3.1.15)

where for the subscripts in parentheses on the cumulative
number N, the numeric subscript indicates the dimensionality of
the sampling domain, and the letter subscript (not used for
a three-dimensional domain) indicates the orientation of the
sampling domain, which is either a line parallel to the unit vector
t or w, or a plane perpendicular to the unit vector h. ;%¢, ;%w,
and ;%9 are the probabilities that a fault of a given length or
displacement in a three-dimensional domain (the volume ¥; left
subscript) will be intersected, respectively, by a randomly located
line parallel to t or w through the volume, or by a randomly
located plane perpendicular to h through the volume (right
subscript). These probabilities are expressed as continuous
functions of either fault-length or fault-displacement. The
incremental number of faults along the direction w differs from
that along the direction t only because of the difference in
orientation of the line, so at this point we develop the relations
only for t. In terms of the frequencies, we use Egs. (3.1.5) and
(3.1.6) to write Egs. (3.1.15) as,

dfag(L) = spe dfiz) (L), dfi1.0(0) = 3pe dfi3)(0), (3.1.16)

dfio,1ny(L) = spip dfiz)(L), dfio, 1ny(0) = 3p.pdfi3)(9),

(3.1.17)

where

=g 5= s (3.1.18)
Thus Egs. (3.1.16); with (3.1.18); state that the differential dff1 (L) is
the frequency with which faults having lengths between L and
L +dL are intersected by a sampling line parallel to t through the
portion of the volume % that is associated with a unit length of the
sampling line. Eq. (3.1.16), with (3.1.18); has a comparable meaning
with respect to the displacement 6, and we could write similar
equations for a sampling line parallel to w by substituting ‘w’ for ‘t’
in Eqs. (3.1.16) and (3.1.18);. Egs. (3.1.17) with (3.1.18); have
comparable meanings with respect to the two-dimensional
sampling domain normal to h.

We now obtain relations for the probabilities ;¥ ;98 | 5, 50¢, and
sb,p in terms of the fault-length and fault-displacement. The
probability ﬁ}ﬁ” that the ith fault in a volume % will intersected by
arandomly located line across % parallel to the unit vector t, is just
the area of the fault projected normal to t, divided by the cross-
sectional area ; of the volume ¢ normal to t. Introducing Eq.
(3.1.1)1 for the ith fault into Eq. (2.1.15); gives,

ADg2/p (6(i))2/pcos 69

M _
3% At

(3.1.19)

Similarly, the probability 3°1)<i)h that the ith fault in a volume ¥
will be intersected by a randomly located horizontal plane across ¢
normal to the unit vector h (Fig. 1B) is just the vertical component
of the down-dip width of the fault divided by the vertical dimen-
sion # of the volume,

, NP
< O Lsin p  wOBP(87) Vsin o)
i _ wOLsinp®

3P, = P = % ; (3.1.20)

where p(¥ is the fault dip, and the down-dip width of the fault IV is

1o 3.1.21
o (3.1.21)
Note that u(i) =29 only for a rectangular-shaped fault (see
Eq. (2.1.14)).

If we make the simplifying assumptions that all faults have the
same shape and orientation (Eq. (2.1.16)), then A, u, &, §, and p are all
constants, and the probabilities are,

10 = L@

e

N2 N2
) /I(LU)) cosf  AB2/P (6(”) /pcosﬂ
cn(’) _ _ .
3Tt At At

(3.1.22)

N
wlsinp  #BYP(67) Tsinp

(O
3CDLh - > H

We can then express the probabilities for the individual faults,
Egs. (3.1.22), in terms of a continuous function of fault-length L or
fault-displacement 6 by,

rcost 5 _ AB2/P cos 0 2/,

e At At

(3.1.23)

wsinp L uBl/P sin p sp.

o (3.1.24)

3P =

From Eq. (3.1.18), the corresponding parameters in Egs. (3.1.16)
and (3.1.17) are

bt = Acos 0 1% = AB?/P cos 0 6%/7, (3.1.25)

p.p = psinpL = uB'P sinp oV/P. (3.1.26)
EL

Substituting Eqgs. (3.1.25) and (3.1.26) respectively into Egs. (3.1.16)
and (3.1.17) gives,

df1.¢)(L) = AcosOL2 df3 (L),

df1.)(0) = AB2/Pcos 06%/P df 3 (9), (3.1.27)
dfia, 1 ny(L) = usinpLdfs)(L),
dfi. 1 ) (8) = uB'/Psinpd'/P dfi3) (6). (3.1.28)

Comparable probabilities for lines parallel to w can be obtained
from Egs. (3.1.22)12, (3.1.23), and (3.1.25) by substituting ‘w’ for ‘t’
and ‘o’ for ‘0’ (see the Supplementary Material, Eq. (51.1.3)).

0 A(L<i)>2cosa - AB2/P (6(i>)2/pcosa

3twe w _2/ Aw ’ (3.1.29)
P
B = AcosaLz _ /B cos & s/p
Aw Aw
3bw = Acos a[? = AB*/P cos a 6%/P. (3.1.30)
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3.2. Relations among parameters in the equations describing fault
systematics in domains of different dimensionality

The cumulative number and frequency of faults in a given
sampling domain can be described as a function of either fault-
length or fault-displacement (Egs. (3.1.3), (3.1.4), (3.1.10), (3.1.11)).
Egs. (3.1.9) define how the parameters in those two types of
equations are related. We now want to find the relations among the
parameters that define the cumulative frequency distributions
determined from sampling domains of different dimensionality. To
that end, we substitute for each of the df,) in Egs. (3.1.27) and
(3.1.28) using the appropriate Egs. (3.1.14); or (3.1.14),, according
to whether we want an expression in terms of L or 4, and using the
different values of { and ({,v) as required by the opposite sides of
each of Eq. (3.1.27) or (3.1.28). For example, to find the relations
among my, ms, g1, and g(3), we use Eq. (3.1.14); first with { =1 and
(§,v)=(1,t) to substitute for the left of Eq. (3.1.27); and then with
¢ =3 and (¢,v) =(3) to substitute for the right side, to find,

—mga,p) LEm=D — ) cos f ms g3 LMt (3.2.1)

For this equation to hold for any value of L, the exponents on the L
on each side of the equation must be equal, and the coefficients of L
on each side of the equation also must be equal. These conditions
then give, respectively,

my = ms — 2, (3.2.2)

m
gy = gahcosdy 3 (3.2.3)

ms — 2)7
where we also used Eq. (3.2.2) to get Eq. (3.2.3).
By parallel analyses, we obtain the relations among my, ms,
&2, 1h)» and g3), from Eq. (3.1.14); with {=2 and ({,v)=(2, Lh) for
the left side of Eq. (3.1.28),, and with { =3 and ({,v)=(3) for the
right side; we obtain the relations among sj, s3, 1(1,¢), and r(3) from
Egs. (3.1.27)2 by using (3.1.14), with { = 1 and ({,v) = (1,t) for the left
side of Eq. (3.1.27); and with { =3 and ({,v) = (3) for the right side;
and we obtain the relations among sy, 3, T | i), and r(3) from
Egs. (3.1.28); using (3.1.14); with {=2 and ({,v)=(2, Lh) for the
left side of Eq. (3.1.28); and with { =3 and ({,v) =(3) for the right
side. The results are

my; = m3—1, (3.2.4)
. ms
&@2,Lh) = @M SInp ms 1 (3.2.5)
S1 =35 - 326
1=53-5 ( )
Fp = T3 ABYP cosfl — 3 3.2.7
1y =Te) (53 =2/p) (3:2.7)
S =55+ (3.2.8)
2= 2.
T2, n = I3uB'/Psin p—3 (3.2.9)
’ s3—1/p

Finally we can obtain the relations among the s; and my from Eq.
(3.1.9),, taking ¢ to be first 1 and then 2, and using Egs. (3.2.2) and
(3.2.4), to find respectively,

=M _m-1 _my-2  my _ms-—1 (3.2.10)
p P P PP
ms =s1p+2 =sp+1. (3.2.11)

We find the relations between r(; ), and g,v) from Eq. (3.2.7) using
Eq. (3.1.9)5 with { =3 and ({,v)=(3),

M3 (32.12)

Ty = &3B ™ 2/P lcos —=—
(1) = 83) (m3 —2)’

and similarly, we find from Eq. (3.2.9) using Eq. (3.1.9)5 with { =3
and ({v)=(3),

_Ms (3.2.13)

—(ma—1 .
Fo.un = 83kB ™ VP singp pr—

All the relations for which ({,v) = (1,t) can also be written for ({,v) =
(1,w) simply by substituting the subscript ‘w’ for ‘t’, and the angle ‘o’
for ‘0.

3.3. Relations among the maximum displacements in domains of
different dimensionality

The fault with the largest displacement (égax)) is the fault for
which N3 =1, where the subscript ‘3’ indicates the sampling
domain is the three-dimensional volume. Using this condition in
Egs. (3.1.10); and (3.1.11); with { =3 and ({,v) =(3) gives,

PRI . . _ (max) S3 _ 1 (max) S3
within domain ¢: Rg3) = (6(3) ) . TE) = a((5(3) ) ,

1/s3
65> = (rav) " (3.3.1)
where Eq. (3.3.1); comes from (3.3.1);. Eq. (3.3.1); also can be
obtained from Eq. (3.1.10); with (3.1.12) and (3.1.6);, or from
Eq. (3.3.1); with (3.1.12). Similar relations apply to two and one
dimensions, although the fault for which N3 =1 is not, in general,
the same as the faults for which N=1 or Ny=1, because the
probability is less than 1 that the largest fault N3 =1 will be inter-
sected by a two- or one-dimensional sampling domain that is
randomly located in the volume ¥. The comparable relations for
a map area 4, = 7% (Eq. (3.1.6); see Fig. 2A) from Egs. (3.1.10)
and (3.1.12) with { =2 and ({,v)=(2, Lh) are,

s . ) ([ s(max) \52 7l (max) 52
within domamﬂh. R(Z‘Lh) = (6(2,JJ1)> s r(2,Lh) 7/{4’] (6(2,J_h)> )

6(max)

1/32
2,Lh)~ (r(Z,J_h)/qh) )
and for sampling in a one-dimensional domain, i.e. along a line of
length 7 parallel to t or a line of length 4 parallel to w (Eq. (3.1.6)3;

see Fig. 2A), we have from Egs. (3.1.10); and (3.1.12) with { =1 and
(Cv)=(1t) or (1w),

(33.2)

within domain 7: Ry = ((5ET§’)")>S], g = l(éETgx)>sl,

(max) 1/51
5(1‘0 = (r(lAt)T) ’

within domain w : R(l,W) = <5ET§V);)>SI, r(LW) = %(62?33))51,

(max) 1/51
6(]."”) = <T(1AW>W> .
We can now see how the maximum displacement for sampling
from a one-dimensional domain is related to that for sampling
a three-dimensional domain by introducing Eqs. (3.3.1); and
(3.3.3), into Eqgs. (3.2.7):

(3.3.4)

(6(’“3"))51 _ AB2/P cos 0 S_3<5(max)>s3. (3.3.5)

(10) v 5 \0)
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From Eq. (3.1.22),, using Eq. (2.1.9); and setting i =1, we find the
relation,

WBYPcosf 4y (336)
(V/T - <6(max)>2/p ’ ..
3)

Substituting Eq. (3.3.6) into Eq. (3.3.5), and using Eq. (3.2.6) to
change the exponent on 6 max then gives

1/s1
S
o) [ﬂ}t”_ﬂ 8. (337)
We know, however, that
gimax)  gmax) 3.1 and L 3.3.8
ay =% SO ﬂ}rs and 5%, < (3.3.8)

This means that along a sampling line that is parallel to t and is
randomly placed in the volume ¥, the probability 3<1}<t1) that the
maximum displacement observed is actually the maximum
displacement in the volume is no greater than s1/ss.

Similarly, from Eq. (3.2.9) with Egs. (3.3.1)2, (2.1.9)s5, and (3.3.2),,
we have,

(max) \%2 uB/Psinp 3 (max)\ 53
(06Tn) = = 5ol ) (339)
Using Egs. (3.1.22)4 with i =1 and (3.2.8) gives,
B1/P si ol
M s p _ 3¥1h (3.3.10)
H g(max) 1/p’ o
( (Z,J-h)>

Substituting Eq. (3.3.10) into Eq. (3.3.9), and using Eq. (3.2.8) to

change the exponent on 6%;‘1",3) and rewrite the coefficient, we find,

1/s3
(max) (max)
85T = {ﬁ}ms} 65>, (3.3.11)
Because we must have
65 <03, then ;1) ;<1 and ;3) <2 o (3312)

Thus in a horizontal sampling plane that is perpendlcular to h and
is randomly placed in the volume ¥, the probability ;%" , (™ that the
maximum displacement observed is actually the max1mum
displacement in the volume is no greater than s,/ss.

3.4. Constraints on the size of the sampling volume relative to the
largest included fault

From Egs. (3.3.8);3 and (3.3.12)3 we can derive distinct limits on
the minimum size of the volume 4’ that must be used for adequate
sampling of the faults, or conversely on the maximum size of the
largest fault that can be included in this type of strain analysis for
a given sized volume. Introducing Eq. (3.1.22); with (2.1.9); into
Eq. (3.3.8)3, and introducing Eq. (3.1.22)3 into Eq. (3.3.12)3, we find,

/I(L“))Zcos 0

(Msj
M _\T ) TP st g pLlsing sy
39 i S W= Tsg (34D
The inequalities in Eqgs. (3.4.1) give,
S3 (L) 3 1
wWH >=2 /1<L ) cosf, # >=uLlVsinp. (3.4.2)
S1 S2

Looking first at Eq. (3.4.2);, we know from Eq. (2.1.13); that
ALY is the area of the largest fault, and thus A(L")%cos 6 is the
area of that fault projected onto a plane normal to the transect line
t. From Equation (3.2.6), we also know that s < s3. Thus Eq. (3.4.2);
says that the cross-sectional area WH of the volume ¥ measured
normal to the transect line t is at least (s3/s1) > 1 times the area of
the largest fault projected on a plane normal to t.

Looking next at Eq. (3.4.2);, we know from Eq. (3.1.21) that
ul™ =1Wis the down-dip width of the largest fault and uL( sin p
is therefore the vertical extent of the largest fault. From Equation
(3.2.8), we also know that sy < s3. Thus Eq. (3.4.2), says that the
vertical dimension ¢ of the volume ¥’ should be at least (s3/s) > 1
times the vertical dimension of the largest fault. Equations (3.4.2)
are independent constraints on the size of %/, which therefore
must apply for all possible values of #/. The minimum possible
value of 7 is given by the equality in Eq. (3.4.2),. If we substitute
this value for # into Eq. (3.4.2);, we find,

S2 AcosﬂL )
T sp usinp

We note, from Eqgs. (2.1.13); and (3.1.21),, that for a rectangular
fault, A/u = 1. To simplify the estimate of the horizontal width % of
the volume 7, we therefore assume a rectangular, vertical (p = 90°)
fault and a traverse direction t perpendicular to that fault (§ = 0°).
With these assumptions, Eqs. (3.4.2); and (3.4.3) give,

(34.3)

for A =1, 6#=0° and p = 90°,

é’."z S3 S3 (3.44)
w>22LM g >3y = 31

S1 S2 )

Because s1 < 53 < 53 (Egs. (3.2.6) and (3.2.8)), the dimensions of the
volume ¥ must be larger than those of the largest vertical-equiv-
alent-fault that can be included in an analysis using fault
systematics.

Thus, for an analysis that relies on the relations of fault
systematics, Equations (3.4.2)—(3.4.4) prescribe, for a given size of
the largest fault, how large a volume we must consider in order for
the analysis to be valid. Conversely, for a volume of a given size,
these equations prescribe the largest fault that can be included in
this type of analysis.

We can express these constraints in terms of the maximum
displacement on the largest fault. Introducing Eq. (3.1.1) for the
largest fault into the inequalities in Eq. (3.4.4) gives,

for &:1, 0 =
m

S2 1 [ «(max)\? (max)\ 7 }
> > .
W_spr (6<3> ), H uB (6() )
In the companion paper (Part II, Section 3) we use the empirical

results for the constants p, B, and sy to give quantitative estimates
for these constraints.

0°, and p = 90°,
(3.4.5)

4. Estimation of infinitesimal strains using fault population
systematics: summary and comparison of results for three-,
two-, and one-dimensional sampling domains

We can apply fault population systematics to the estimation of
infinitesimal extension and shear strain in two specific circum-
stances for which sampling is incomplete. In the first case, sampling
resolution is incomplete, and we determine the total strains for
a local domain in which we systematically have studied only the
larger faults, and we need to account for the contributions of the
smaller unsampled faults. We assume we have measured
the displacement 65?;)") on the largest fault, and we use the
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equation for the cumulative frequency of fault-displacement
(Eq. (3.1.11)) to determine the contribution of the smaller faults to
the total strain. In the second case, sampling of the spatial extent of
the domain is incomplete, and we use the equation for the cumu-
lative frequency of fault-displacement to determine the strain for
a regional domain when our observations are limited to a local
domain that does not span the regional domain, and we need to
determine the effects of both the larger and the smaller faults.

Both cases require the assumption that the power-law scaling
relationship for the cumulative frequency of the displacement is
valid for faults of all sizes, both observed and unobserved, and that
the same equation applies throughout the domain, i.e. that the
faults are homogeneously distributed in the domain. Moreover, in
practice one also must make some estimate for the limit of the
power-law distribution at large displacements where the frequency
curve falls off from the power-law model (Fig. 3B; see also Fig. I1:4C
in the companion paper, Part II). Without such a limit, the power-
law model would overestimate the strain. This modification to the
theory for practical applications is discussed by Marrett (1996), and
it will not be included in the analysis in this paper.

In Section 4.1, we summarize the derivations of the strain
equations for the first case, considering local sampling domains
having three, two, and one spatial dimensions. We show that we
can estimate the total strain in a local domain if we know the slope
of the displacement—frequency curve and the displacement on the
largest fault in the domain, which constrains the intercept for the
log-linear cumulative frequency line by Egs. (3.3.1), (3.3.2),, or
(3.3.3),. Details of the derivations for the domains of three, two, and
one dimensions are given in the Supplementary Material, Sections
S1, S2, and S3, respectively.

The equations differ for sampling domains having a different
number of dimensions because the scale factor that defines the
contribution of a specific fault to the strain of a domain is different.
Therefore in Sections 4.2 and 4.3, we examine how these different
equations are related and how we can constrain the three-dimen-
sional strain from sampling in either two dimensions (Section 4.2)
or one dimension (Section 4.3). In Section 4.4, we then indicate how
we can make estimates of strain for the second case in which
sampling of the spatial extent of the domain is incomplete, and the
domain of interest is larger than the sampling domain.

4.1. Equations for strain from sampling in domains of different
dimensionality: summary of derivations

For a given spatial domain, the extensional strain that is
contributed by the ith fault within that domain is, for three, two,
and one dimensions, a weighting factor times the local extension
due to slip on the fault. The weighting factor is different for each
dimensionality and is determined by the size of the fault relative to
the domain. In summarizing these equations below, we list on the
left the equation numbers, mostly from the detailed derivation in
the Supplementary Material, and on the right, we give an equation
number for convenient reference to this section.

The extensional strain parallel to t that is contributed to the
sampling domain by the ith fault is given for a three-, two-, and
one-dimensional sampling domain by the respective relations,

) 69 cos

(s114) e, =50 Td) , (4.1.1)
~ iy [0 cos

(s2.1.3) eEIZ),t) =90 Tqb , (4.1.2)

(4.1.3)

(s3.1.1) eg% = 9"

The shear strains for a pair of orthogonal lines parallel to t and w are
given by the equations,

. NFU) NFU]
@ 1 (i |0/ cos B (|0 cos ¢
(51.15) €3, = 5{3% — +3Pw —w |
(4.1.4)
. S [s@ ¥V
i _ 1] |0 cosp (i) |0 cos ¢
(s214) ep —j{ﬂ}t —7 +2%w {T )
(4.1.5)
. 5@ s®
o 1 (i |0/ cos B (i |0 cos ¢
(s312) ey, = 2{1% — +1Pw {W )
(4.1.6)

The weighting factor , §i) in each equation is the probability that the
ith fault (superscriptj in a {-dimensional domain (left subscript) is
intersected by a randomly located line through the domain oriented
parallel to t or w (as indicated by the right subscript v=t or w,
respectively). The probability is a ratio, for which the numerator is
the projected size of the ith fault, and the denominator is the pro-
jected size of the sampling domain. For { = 3, the size of the faultis its
area projected onto a plane normal to the direction t (or w), and the
size of the sampling domain is the cross-sectional area of the domain
on the same plane; for { = 2, the size of the fault is the length of the
fault line in the sampling plane projected onto a line normal to the
direction t (or w), and the size of the sampling domain is the length
of the domain normal to t (or w); for { = 1, any fault in the domain
cuts completely through the domain, so the probability is 1.
Expressions for the probabilities in each of the above equations,
expressed in terms of the displacement, are,

: 2/p o 2
(31.22),.(3.129),,(51.1.3), 39" :W(é“)) /p,
t

i AB2/Pcosa/i)\2/P
RV = (5@) , (4.1.7)
. (Hgl/p 0, \1/p
@ v Ccos (i)
(s2120) L%’ = “wsinp (6 ) ,
: (Hgl/p 2\ 1/p
@ v COS & / «(i)

2%w = T'sinp (5 ) ' (4.1.8)
(s3.1.5) 13}5") =1, and 1%5,,",) = 1. (4.1.9)
In Eq. (4.1.8), V) are geometric factors defined by

L A(l)/g(l) A
H==_ — =
(s2117) v =10 10 0L (4.1.10)

where L() is the average length of the ith fault trace on random
horizontal planes through the volume that cut the fault, L'V is the
maximum horizontal length of the fault, A7) is the actual area of the
ith fault, and ¢ is the maximum down-dip width of the fault. »®
therefore accounts, on average, for the effect of the shape of the
fault tip line on the apparent length of the fault trace in the hori-
zontal sampling plane. It has a value of 1 for a rectangular fault.
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Substituting Egs. (4.1.7)—(4.1.9) into Egs. (4.1.1)—(4.1.6), we find
that for the three- and two-dimensional sampling domains, the
equations for extension and for shear strain in the same domain
have similar forms, differing only by the constant terms. Thus, if we
let ‘x’ in the subscripts stand for either ‘t’ or ‘y’, we can write the
equations in compact form as,

i D i\ (1+2/p)
i _ ZBX) (s
(s1.110) €3, = — ((5 ')> , (4.1.11)
@ _ D(ZX) 5@ I+1/p 4112
(s2123) e, = TW( ) , (4.1.12)
el _ (0SB s
(1,t) T d
(s3.1.6) ) ] (4.1.13)
OB l[(cos ﬁ) 50 4 (cos ¢ 6(”]
€y = 2 T w ’
The constants D3 x) and Do x) are defined by,
ABZ/P(cosﬁcos@
(3 t) )
(s1.1.8).(s1.19) Dy3.y)=0.5AB%/P(cosfcos §+cos ¢ cosa),
(4.1.14)
1/p
D¢ —VB cos f cos ¢,
20=5in,
(s2.1.22) 1 (4.1.15)
vB1/P
@1 =5 np =———[cos 0 cos 8 + cos a cos ¢)].

We do not define D for the case of one-dimensional sampling,
because to obtain the total shear strain from Eq. (4.1.13);, we
must sum the two terms in the equation over different sets of
faults: one set comprises faults intersected by a line parallel to t;
the other set comprises faults intersected by a line parallel to w,
which is orthogonal to t. Sampling in these two directions means
that the total shear strain involves two different distributions,
whereas the extension (Eq. (4.1.13);) involves only one distribu-
tion. Thus the two Eqs. (4.1.13) may not both be simplified to
a scale-independent constant D times a single variable.

The expressions for the differential of the strain component
are derived by assuming that the discrete strain contributed by
one fault is in general a very small part of the total strain. We
therefore can treat the discrete increments of strain described in
Egs. (4.1.1)—(4.1.6) as differentials of continuous functions, which
are defined in terms of a continuous displacement variable ¢ and
the differential of a continuous cumulative number distribution
dN(6) that defines the displacement distribution in the sampling
domain. Using Eq. (3.1.13), the continuous cumulative number
distribution can be converted to a continuous cumulative
frequency distribution df{d). The continuous-function descrip-
tions are,

(s1.112) degz(0) = Dz 0" /P df3(9), (4.1.16)
(s21.25) de(zx(0) = Diaxd VP dfip | 1y (0), (4.1.17)
de(1,1)(0) =dcospdfi1 1 (9),
(s3.1.9)
de(1 4)(0) = 0.5{6 cos B df(1¢)(0)+06cose dfiq w ((5)}

(4.1.18)

The different distributions, df(1(0) and dfi3w)(0), required for
determining the shear strain with one-dimensional sampling
become explicit in Eq. (4.1.18),. Then using Eq. (3.1.14);, we find,

(s1113) dey) = —D(37x)53r(3)6*(s3*2/”) do, (4.1.19)
(s2127) depy) = —D<2_yx)52r(2Alh)é_“z_”p) do, (4.1.20)
110 de( )(0) = —$17(1,¢COS PO " do,
deq 4)(0) = —0.5s; [r(m cosB+1(1,w) coscﬂ 67 dé.
(4.1.21)

All the Equations (4.1.19)—(4.1.21) for the differential of the
extension are actually the same, although each is expressed in
terms of the variables pertinent to the number of dimensions in the
specific sampling domain (see Supplementary Material Sections
S1.1, S2.2, S3.2). The same statement also applies to the differen-
tials of the shear strain. This identity is apparent because from
Egs. (3.2.6) and (3.2.8), the exponents on the displacement are all
equal, and we can easily show, using Egs. (4.1.14) and (4.1.15) with
Egs. (3.2.6)—(3.2.9) that,

D3 )837(3)
D3 5373

=D nS2T2, 1 h)

=0.5c08¢s17(1,0), }
=D@y)S2T2, 1)

=0.5c0s6517(1,1)+0.5C08 ¢ S1T(1 wy)-
(4.1.22)

We can also derive Egs. (4.1.20) and (4.1.21) directly from Eq. (4.1.19)
(for details, see the Supplementary Material, Sections S2.1, S2.2,
S3.1, and S3.2). These derivations demonstrate the consistency of
the definitions of the probabilities in Egs. (4.1.7)—(4.1.9).

The cumulative strain contributed by all faults having
displacements greater than or equal to ¢ is given by the integrals of
Eqgs. (4.1.19)—(4.1.21),

(s121) e[Sy (8) = /degxw) Dis 5373 /6 ©-2/p) 45,
(4.1.23)
(523.1) g“x’;‘ 0) = /de (2 (0
— D@ xS2re, Lh /5_(52_]/") do, (4.1.24)
An
(s3.4.1) eC”m (6) = /de 16)( fs1r<1$t)cos¢/6*5‘ do,
T
(4.125)
(cum 1
(S3.4.11) €1y de(y =5 — $17(1,1C0s B
T,

w
(/6 5 dé) — $1T(1.w)COS @

(14

where the symbols below the integral signs identify the domain for
which the strain is determined. Taking the indefinite integrals gives,

(4.1.26)
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(cum) sy ol1-(s3-2/p)] c 4127
(5122) €3, (0) =—D3x537(3) er 3|, (41.27)
(s232) e/S"™ (8) = —D (3 ) SaT, M+c
T2 (2.%)°2%(2, Lh) 1—(s,—1/p) (2,Lh)|»
(4.1.28)
$3.4.2) e(cum ) o
( (1,0) (0) = slrltC05¢ W—FC(],I) . (41.29)

(1-s1)

1
(s3.4.12) egitl;‘;‘)(é) =5 {51 I(1,C0sB <(1 )+K1 t>>

51-s1)
—$1 r“ w) COSd) <( )-‘rK(] w) (4130)

The constants of integration are evaluated in each case in terms of
the largest displacement in each sample by setting the left side of
Eqgs. (4.1.27)—(4.1.30) equal to the extension and shear strain
contributed by the largest fault in each sample. These extensions
and shear strains are determined by setting i=1 in Egs. (4.1.1)—
(4.1.6), for which

= o _ s(max)

L)
0= 001 = Oy = Oy -

(4.1.31)
Egs. (3.3.7) and (3.3.11) show that these maximum displacements
are in general different for sampling domains of different dimen-
sionality, and that the largest fault in a lower-dimensioned
sampling domain can be smaller, and can have a smaller displace-
ment, than the largest fault in the volume.

Evaluating the constants of integration from these constraints,

we find,
_ ( s(max) (1=(ss=2/p)] %
(s126) Cz) = —(057™) s3[1—(s3 =2/p)I)’

(4.132)
€39 Caun = -(080)" " ot L)

(4.133)
(s347) Cap = —(62Tgx)>(]_51)(51(117_51)), (4.1.34)
(53.4.17) Ko = 7<6ET;X)>(]7$1)[51(11_51)}7 (4.1.35)

_ (gm0l 1
Kaw = (%,w)) s1(1—s7)

Introducing these constants from Eqs. (4.1.32)—(4.1.35) into the
integrated Eqs. (4.1.27)—(4.1.30), gives the cumulative strains as
a function of the displacement:

cum) 1+ Z/P
(s1.2.7) eE '(6) = e ) (W)
[1-(s3—2/p)]
S3 0
l—(S3—2/p)( max) ’

(4.1.36)

(cum) 1)

1+1/p
(5239) €5, ()= 322‘x> (m)

(1=(s2—-1/p)]
: ( : )
Ci-G-1/pl
(4.1.37)

(1-s1)
(cum) ) 1 $1 0
(s3.48) ey '(0) = 10 {1 my el s (52;“&,()) } ;

(53.4.19) egi'fyr?)(é) =

1-s1)
1 (D) 1 $1 0
2,22, S (1—sl><1—s1)<5<m> - @19

v=tw (1v)

The shear strains ed ™ that appear in Eq. (4.1.39) under the
max)

summation over v = t,w, are due to the displacements 6 10 and
(52;“;’;) which occur on the largest fault mtersected by the
sampling lines parallel to t and w, respectively. These shear
strain components define, respectively, the shear of the line
parallel to t in the direction w, and the shear strain of the line
parallel to w in the direction t (see the Supplementary Material,
Eq. (S3.4.20)).

Because each of Eqgs. (4.1.37)—(4.1.39) is the cumulatlve strain
due to faults having displacements between 6 max and ¢, we find
the total strain by setting ¢ = 0.

(tot) (1) 1+2/p
(s1.2.8) €3 = €3y (w , (4.1.40)
(tot) _ (1) 1+1/p
(s2.3.10) €a2x = C2x (m , (4.1.41)
(53.4.9),(s3.4.22),,(S3.4.23)
(toty _ 1 [_1
o T )[1 751} 4.1.42
e(tot) 05 Z e(1) 1 _ e(‘l) 1 ( -1 )
1y = M1 —sy) AN =81

=tw

Note that because of Egs. (3.2.6) and (3.2.8), the denominator on the
right of each of the equations (4.1.40)—(4.1.42) equals (1 — s1). Thus
the equations differ in the numerator and in the strain contributed
by the largest fault in the domain, which in turn depends on the
magnitude of the probability defined in Eqs. (4.1.7)—(4.1.9).

It is of interest to know what proportion of the extension or
shear strain in the given direction is contributed by the largest fault,
and what proportion is contributed by all the smaller faults. We
evaluate the ratio of the strain component contributed by the
largest fault to the total strain component by rearranging
Eq. (4.1.40) to find

3x) _ P 2 S3p p 2 ms
ot — = (4.1.43)

ot) ’
) p+2 p+2

e

(
(
e
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where we used Eq. (3.1.9); with { =3 to find the second relation.
The ratio in Eq. (4.1.43) must be greater than zero, because the ratio
must be positive; and it must be less than 1, because the largest
fault cannot account for more than all the extension. Thus,

el3) +2-s
0<-GX _P 3P 1, (4.1.44)
(toD) p+2
€3

This implies the following constraints on the possible values of the
parameters relative to one another,
0<s3<1+2/p, 0<s;<1+1/p,

0<s; <1, (4.1.45)

where the second two equations come from the first by using Eqs.
(3.2.6) and (3.2.8). We can use Eq. (3.1.9); to express Eq. (4.1.45); in
terms of my, which leads to the constraints,

0<m3<p+2, 0<mp<p+1,

0<my<p, (4.1.46)

where the second two equations come from the first using Egs.
(3.2.2) and (3.2.4). Egs. (4.1.46) also imply,
p>mz—2, p>my—1,

p>my. (41.47)

The cumulative strains are conveniently expressed as a fraction
of the total strains by dividing the cumulative strains in Egs.
(4.1.36)—(4.1.39) by the appropriate total strains from Egs. (4.1.40)—
(4.1.42):

(cum) (1-(s3-2/p)]
€3y (0) B
(3.%) _ S3p
(s1.2.10), S0 =1- P12 ((5 ) , (4.1.48)
(3x) 3)
(cum) (1=(s2—-1/p)]
€y (0) 0
(2x) _ S2p
(s2.3.12), R 1 il (5(max) , (4.1.49)
(2%) (2,1Lh)
ey @) { 5 ]“S‘)
MUL R TS
(tot) (max) ’
) 5<1 5

(S3.4.10),(S3.4.25)
cum (6)

Note again that because of Egs. (3.2.6) and (3.2.8), the exponents on
the displacement terms are all equal to (1 — sq).

The significant difference among the integrated equations for
the extensional strains or for the shear strains (Egs. (4.1.36)—
(4.1.39)) is in the evaluation of the constants of integration. Each
constant is different because it is evaluated in terms of the strain in
each domain that is contributed by the largest fault, identified by
setting i=1 in Egs. (4.1.1)—(4.1.6). This strain in turn depends on
a probability 9’ that a fault will be intersected by the specific
sampling domain, and this probability is different for the domains
having a different dimensionality. Thus for the different curves that
plot the cumulative strain as a function of displacement for
domains having a different dimensionality, the anchor points are at
different strains, and as a result, the total strain will have different
values for the different domains.

Because the cumulative strain must be less than or equal to the
total strain, we can use Eq. (4.1.48) to derive the same constraints
on the value of s3 as we found in Eq. (4.1.45) (see the Supplementary
Material, Section S4.1)

6 (1751)
e(tot) - e Z e (1 YV) (S] |:(3 max)] )
(1) (17 yr=tw (1)

4.2. Comparison of strains from sampling domains of two and three
dimensions

We can compare the total strains for a two-dimensional
sampling domain to those for the three-dimensional sampling

domain by dividing Eqs. (4.1.41) by Eq. (4.140), and using
Egs. (3.2.6) and (3.2.8) to find,
(tot) 1)
e e
(2,%) @2x (p+1
(s4.2.2) = ( ) (4.2.1)
(tot) &)
€3x) €3y p+2

For both the extensional strain (x=t) and for the shear strain
(x=1), we can show (see the Supplementary Material, Section
S4.2) that Eq. (4.2.1) implies the constraint,

< GH)
~Is2]\p+2

where, as before, the subscript ‘x’ stands for either ‘t’ or ‘y’.

(s4.2.16)

(4.2.2)

4.3. Comparison of strains from sampling domains of one and three
dimensions

We also can compare the total extension inferred from a one-
dimensional sampling domain to that inferred from a three-
dimensional sampling domain by dividing Eq. (4.1.42); by Eq.
(4.1.40) with the subscript ‘x’ set to ‘t’. Using Eqs. (3.2.6) and (3.2.8),
the result simplifies to

ey in| p

(s4.3.2) L 2 S (4.3.1)
(tot) 1 |p+2
€3n  €@3p P

After some manipulation, we can show (see the Supplementary
Material, Section S4.3) that Eq. (4.3.1) leads to the constraint,

(4.1.50)

(s4.3.4) (4.3.2)

(

o _ [s3](_p
e(t0t> - S1 p+2 ’
Finally, we can compare the shear strain inferred from one-

dimensional sampling to that for three-dimensional sampling by
dividing Eq. (4.1.42), by Eq. (4.1.40), using the subscript ‘X’ set to ‘y".

(M 1
BE?U) 0. 5( (1ye) T €. 7W)>W
o o 1 (43.3)
eE?f/)) o) (%)
: Gn\1=(s3-2/p)

Again after some manipulation, we can show (see the
Supplementary Material, Section S4.4) that Eq. (4.3.3) leads to the
constraint,

() _ [5]1/5‘( p )
e(mt) 81 p+2 '

(43.4)
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The constraint on the shear strain in Eq. (4.3.4) is not as strin-
gent as the constraint for the extension in Eq. (4.3.2). The results are
different because determining the shear strain from one-dimen-
sional sampling requires two separate samplings along orthogonal
lines, which means that two different distributions are required to
calculate the shear strain. This results in equations that cannot be
factored and condensed to the same extent as the equations for
extension, which then results in less stringent constraints.

4.4. Estimating strains in a regional domain from sampling of
a local domain

If the sampling of the spatial extent of a regional domain is
incomplete, we only can know the displacement on the largest fault
in the local domain that has been sampled, which constrains the
cumulative frequency curve by Egs. (3.3.1)3, (3.3.2),, or (3.3.3),.
That constraint, however, is in general not valid outside the local
domain, because there is no guarantee that the fault with the
largest displacement within the local domain would be the fault
with the largest displacement in the larger regional domain. The
equations for calculating the strains in a local domain depend on
knowing the maximum displacement on the largest fault within
the domain, or the associated contribution of that fault to the strain
(Egs. (4.1.36)—(4.1.39), as well as the subsequent equations derived
from these). We can convert these equations to ones appropriate
for calculating the strains in a regional domain, in which the largest
fault and the associated maximum displacement are unknown, by
substituting for the maximum displacement from Egs. (3.3.1)3,
(3.3.2)3, or (3.3.3)3. This substitution replaces the known maximum
displacement in a local domain with an estimate for the maximum
displacement in the larger regional domain that is based on the
displacement — frequency systematics and the size of the regional
domain.

This case requires the assumption that the observed frequencies
in a relatively small domain provide useful constraints for the slope
and intercept (Eq. (3.1.11),) of the cumulative frequency relation for
displacement in a larger domain. It does not account, however, for
the observed fall-off from the log-linear systematics that actually
characterizes the data for the very largest faults, and using this
approach therefore has the potential to overestimate the frequency
of the largest faults, with the result that the strain calculations
could be unreliable. Marrett (1996) discusses an approach for
dealing with the non-linearity at the large fault end of the
spectrum.

5. Discussion

The analysis presented here pertains to the situation in which
the strains due to faulting in a body of rock are small. This
approximation is the basis for the analysis by Kostrov (1974) that
leads to Eq. (2.1.1). The restriction to small strains does not imply
that displacement on the faults must be small, however. Even
a large displacement on a fault accommodates only a small strain if
it is averaged over a volume of rock ¥ that is large relative to the
geometric moment My, which is the product of the area of the fault
and the displacement on the fault (Eq. (2.1.2)). This is obvious from
Eq. (2.1.1), which shows that the strain depends on the ratio Mg/ .
We have also assumed that block rotation has a negligible effect on
the analysis. Twiss and coworkers have used continuum micropolar
theory to account for the effects of block rotation on the slip
directions on faults (Twiss et al., 1991, 1993; Twiss, 2009). Their
analysis shows that block rotations can affect the slip direction
pattern for a set of faults with a diverse distribution of orientations,
and thus can affect the strain inferred from such faults. We have not
incorporated these rotational effects in this analysis.

Small strains are not necessarily appropriate in all situations.
Analysis of the case for finite strain would require that we abandon
Egs. (2.1.1) and (2.1.11), which underlie our entire analysis, and that
we formulate the problem in terms of the inverse finite strain, for
which the reference length of a deformed line is the deformed
length. Finite strains can also give rise to finite block rotations,
which change the slip vectors on faults as they rotate (see Fig. 6 in
Twiss et al., 1991). Generalization to include finite strain and rota-
tion would add substantially to the complication of the analysis,
and we have not ventured into these waters.

Eqgs. (4.1.40)—(4.1.42) may not in fact be the best way to esti-
mate the total extension or shear strain in a volume, because they
ignore the commonly large deviations from a power-law distri-
bution at the high ends of the length or displacement vs cumu-
lative frequency distributions (Fig. 3B; in the companion paper,
Part II, see also Figs. II:2 and II:4). The deviation at the lower limit
of length or displacement contributes negligibly to the cumulative
strain and thus can be ignored. But the deviation from the power-
law at the upper end of the displacement distribution would result
in Egs. (4.1.40)—(4.1.42) providing incorrect estimates of the
extension or shear strain components in a volume. A better esti-
mate can be found (Marrett and Allmendinger, 1991, 1992;
Marrett, 1996) by numerically summing the displacements for
the largest faults, and then using Eqgs. (4.1.40)—(4.1.42) with 5%?’\?)")
equal to the largest of the unsummed displacements to estimate
the contribution from all the smaller faults. This technique must
also be used if the sampling volume includes faults whose
dimensions exceed the limits imposed by the dimensions of the
volume itself, as defined by Eqgs. (3.4.2) and (3.4.3). In this case,
only the strain contributed by faults smaller than this limiting size
can be estimated with Eqgs. (4.1.40)—(4.1.42); the effect of larger
faults must be added individually.

The sampling in one- or two-dimensional domains in general
only places constraints on the strain of the three-dimensional
volume (Egs. (4.2.2), (4.3.2), and (4.3.4)). This result is in part
because the volume can always contain a larger fault than is
present in any given lower-dimensional sampling domain, and in
part because the scaling of the contribution of individual fault-
displacements to the strain is different for domains having
different dimensionality. If, however, the sampling in lower-
dimensional domains includes the largest fault in the volume, then
the equalities of Eqs. (4.2.2) and (4.3.2) apply, and the extensional
and shear strains of the volume are determined exactly from the
extensional and shear strains of a two-dimensional domain
(Eq. (4.2.2)) and from the extensional strain of a one-dimensional
domain (Eq. (4.3.2)). The equality does not apply, however, for
the shear strain determined from a one-dimensional domain
(Eq. (4.3.4)), so in this case, only a lower bound is determined for
the shear strain of the volume.

This approach of using scaling systematics is of major impor-
tance for approximating not only the strain, but also other impor-
tant aggregate characteristics of fractured rock (Marrett, 1996).
Thus the scale invariance of faults and fractures and their charac-
teristics, in principle permits the estimation of the aggregate
properties of the rock. An accurate estimation of these properties,
however, requires a knowledge of the parameters that define the
power-law distribution of these characteristics, and a theory for
how to use that distribution to calculate the aggregate properties.

6. Summary

The overall problem we address in this paper is how to infer the
extension and shear strain in a volume of the brittle crust from
observation of fault-displacements or fault-lengths on an incom-
plete set of faults in a fault system. We encounter two main
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problems: The first is how to account for all the faults when any
survey of faults in a domain must inevitably be incomplete, due to
incomplete exposure and insufficient time for an exhaustive survey.
The second is the impossibility of thoroughly sampling a three-
dimensional volume of rock because physical access is limited to
outcrop on an essentially two-dimensional surface, or to essentially
one-dimensional traverses, tunnels, or drill core, and because
seismic surveying provides limited resolution. Thus, we need to
compensate for incomplete sampling of fault populations, and we
need to determine how to infer the strain of a three-dimensional
domain from observation of lower-dimensional domains.

The incomplete sampling can be accounted for by using
empirical power-laws that describe both the relationship between
fault-length and fault-displacement, and the individual cumulative
frequency distributions for fault-length and fault-displacement. To
that end, we develop the equations for the frequency distributions
of fault-displacement and fault-length as they pertain to sampling
in three-, two-, and one-dimensional domains, and we derive the
relations among these different distributions.

We then derive equations that apply the fault population
systematics to the problem of estimating the continuum extension
and shear strain in domains of three, two, and one dimensions. The
equations are different for domains having a different number of
dimensions, and we derive the relationships among the equations
for these different dimensionalities. These relations allow us to
calculate the total extension or shear strain within the sampled
domain knowing only the parameters defining the population
systematics and the magnitude of displacement, or the length, of
the largest fault in the domain.

We show how the strains inferred from sampling in two- and
one-dimensional domains are related to those for the three-
dimensional volume. In general, the sampling in lower-dimen-
sional domains allows us to calculate a lower bound for the
volumetric strains, which is expressed as a well-defined fraction of
the measured strains. Except for the one-dimensional estimate of
the shear strain, the lower bound defines exactly the volumetric
strain if the largest fault in the volume is also the largest fault in
the sampled domain.

We derive constraints on the size of the domain that we must
use, relative to the size of the largest fault in the analysis, in order to
be able to apply the equations for total strain that are based on fault
systematics (Egs. (3.4.2) and (3.4.3)). These limits define the
minimum size of the volume that must be included in an analysis of
this type for a given maximume-sized fault. Alternatively, the limits
prescribe the largest fault that can be included in an analysis of
strain that relies on fault systematics for a volume of crust of a given
size. Larger faults that cut the domain must be included explicitly
by adding their contributions to the strain individually.
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